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Abstract

Considerable improvement of heat transfer in laminar counterflow concentric heat exchangers is obtainable by

inserting in parallel an impermeable, resistless sheet to divide an open duct into two subchannels for double-pass

operations with external refluxes. Efficiency improvement in heat transfer has been investigated analytically by using an

orthogonal expansion technique. The results of improvement in heat transfer efficiency are represented graphically and

compared with those in a single-pass operation. The influences of improvement-sheet location and reflux ratio on the

enhancement of transfer efficiency as well as on the increment of power consumption have been discussed. � 2002

Elsevier Science Ltd. All rights reserved.

1. Introduction

The study of laminar forced convection heat and

mass transfer in a conduit with neglecting the effect of

axial conduction is known as the Graetz problem [1,2].

Dealing with multistream or multiphase problems cou-

pling through conjugated conduction–convection con-

ditions at the boundaries is called conjugated Graetz

problems [3–9]. Applications of the recycle-effect con-

cept in the design and operation of the equipment with

external or internal refluxes can effectively enhance the

effect on heat and mass transfer, leading to improved

performance in separation processes and reactor de-

signs, such as loop reactors [10,11], air-lift reactors

[12,13] and draft-tube bubble columns [14,15].

The purposes of the present study are to investigate

the improvement of performance and to develop an

orthogonal expansion technique [16–24] to the heat

transfer in concentric heat exchangers with external re-

fluxes. The solutions to these problems are obtained by

using the method of separation of variables, where the

resulting eigenvalue problem is solved by the ortho-

gonality conditions. This work includes the influence of

recycling on heat transfer and the improvement of

transfer efficiency with reflux ratio and Graetz number

as parameters.

2. Theoretical formulations

2.1. Temperature distributions in concentric tubes of

double-pass devices with recycle

Consider the heat transfer in concentric tubes with

length L, inside diameter 2R of the outer tube, an im-

permeable sheet with negligible thickness d ð� 2RÞ and
thermal resistance is inserted as the inner tube with inside

diameter of 2jR. Before entering the inner tube for a

double-pass operation as shown in Fig. 1(a), the fluid with

volume flow rate V and the inlet temperature Ti will mix
with the fluid exiting from the outer tube with the volume

flow rate MV and the outlet temperature TF , which is

regulated by using a conventional pump. The fluid is

completely mixed at the inlet and outlet of the tube.

The following assumptions are made in the present

analysis: constant physical properties and wall temper-

atures of the outer tubes; purely fully developed laminar
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flow on the entire length in each subchannel; negligible

end effect, axial conduction and thermal resistance of

inner tubes. After the following dimensionless variables

are introduced:

g ¼ r
R
; n ¼ z

L
; wa ¼

Ta � Tw
Ti � Tw

;

wb ¼
Tb � Tw
Ti � Tw

; ha ¼ 1� wa ¼
Ta � Ti
Tw � Ti

;

hb ¼ 1� wb ¼
Tb � Ti
Tw � Ti

; Gz ¼ 4V
apL

: ð1Þ

The velocity distributions and equations of energy in

dimensionless form may be obtained as

vaðgÞR2

aL
owaðg; nÞ

on
¼ 1

g
o

og
g
owaðg; nÞ

og

� �� �
; ð2Þ

vbðgÞR2

aL
owbðg; nÞ

on
¼ 1

g
o

og
g
owbðg; nÞ

og

� �� �
; ð3Þ

vaðgÞ ¼ 2va 1

�
� g

j

� �2
�
; 05g5j; ð4Þ

Nomenclature

Cp heat capacity, J/kg k

D hydraulic radius, m

dmn coefficient in the eigenfunction Fa;m
emn coefficient in the eigenfunction Fb;m
Fm eigenfunction associated with eigenvalue km

f friction factor

gc conversion factor, kg m=s2 N
Gz Graetz number, 4V =apL
Gm function defined during the use of orthogo-

nal expansion method

h average heat transfer coefficient, kW=m2 K

hfs friction loss in conduit, m2=s2

Ih improvement of heat transfer, defined by

Eq. (45)

Ip increment of power consumption, defined

by Eq. (51)

k thermal conductivity of the fluid, kW=m K

L conduit length, m

M reflux ratio, reverse volume flow rate di-

vided by input volume flow rate

Nu Nusselt number

P0 hydraulic dissipated energy

R inside diameter of the outer tube, m

Re Reynolds number

Sm expansion coefficient associated with eigen-

value km

T temperature of fluid, K

V input volume flow rate of conduit, m3=s
v velocity distribution of fluid, m/s

v average velocity of fluid, m/s

r radial coordinate, m

z axial coordinate, m

Greek symbols

a thermal diffusivity of fluid, m2=s
d thickness of the impermeable sheet, m

n longitudinal coordinate, z=L
g transversal coordinate, r=R
h dimensionless temperature, ðT �TiÞ=ðTw�TiÞ
j ratio of channel thickness

km eigenvalue

l viscosity of fluid, kg/ms

q density of the fluid, kg=m3

w dimensionless temperature, ðT�TwÞ=ðTi�TwÞ

Subscripts

a in forward flow channel

b in backward flow channel

F at the outlet of a double-pass device

i at the inlet

L at the outlet, n ¼ 1

0 in a single-pass device without recycle

w at the wall surface

Fig. 1. Double- and single-pass concentric circular heat exchangers.
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vbðgÞ ¼ 2vb
1� j4

1� j2

",(
� 1� j2

ln 1
j

#)

� 1

�
� g2 þ 1� j2

ln 1j

� �
ln g

�
; j5g51; ð5Þ

in which

va ¼
ðM þ 1ÞV
pðjRÞ2

and vb ¼ � ðM þ 1ÞV
pR2 � pðjRÞ2

:

The boundary conditions for solving Eqs. (2) and (3)

are

owað0; nÞ
og

¼ 0; ð6Þ

wbð1; nÞ ¼ 0; ð7Þ

owaðj; nÞ
og

¼ owbðj; nÞ
og

; ð8Þ

waðj; nÞ ¼ wbðj; nÞ ð9Þ

and the dimensionless outlet temperature is

hF ¼ 1� wF ¼ TF � Ti
Tw � Ti

: ð10Þ

Inspection of Eqs. (2), (3) and (6)–(9) shows that the

inlet conditions for both subchannels are not specified a

priori and reverse flow occurs. The analytical solutions

to both flow patterns may be obtained by the use of

an orthogonal expansion technique with the eigenfunc-

tion expanding in terms of an extended power series.

Separation of variables in the form

waðg; nÞ ¼
X1
m¼0

Sa;mFa;mðgÞGmðnÞ; ð11Þ

wbðg; nÞ ¼
X1
m¼0

Sb;mFb;mðgÞGmðnÞ ð12Þ

applied to Eqs. (2) and (3) leads to

GmðnÞ ¼ e�kmð1�nÞ ð13Þ

F 00
a;mðgÞ þ

F 0
a;mðgÞ
g

� vaðgÞR2km

aL
Fa;mðgÞ ¼ 0; ð14Þ

F 00
b;mðgÞ þ

F 0
b;mðgÞ
g

� vbðgÞR2km

aL
Fb;mðgÞ ¼ 0 ð15Þ

and also the boundary conditions in Eqs. (6)–(9) can be

rewritten as

F 0
a;mð0Þ ¼ 0; ð16Þ

Fb;mð1Þ ¼ 0; ð17Þ

Sa;mF 0
a;mðjÞ ¼ Sb;mF 0

b;mðjÞ; ð18Þ

Sa;mFa;mðjÞ ¼ Sb;mFb;mðjÞ ð19Þ

combination of Eqs. (18) and (19) yields

F 0
a;mðjÞ

Fa;mðjÞ
¼

F 0
b;mðjÞ

Fb;mðjÞ
ð20Þ

in which the eigenfunctions Fa;mðgÞ and Fb;mðgÞ were as-
sumed to be polynomials to avoid the loss of generality.

With the use of Eqs. (16) and (17), we have

Fa;mðgÞ ¼
X1
n¼0

dmngn; dm1 ¼ 0; dm0 ¼ 1 ðselectedÞ;

ð21Þ

Fb;mðgÞ ¼
X1
n¼0

emngn; dm1 ¼ 0; dm0 ¼ 1 ðselectedÞ:

ð22Þ

Substituting Eqs. (21) and (22) into Eqs. (14) and

(15), all the coefficients dmn and emn may be expressed in

terms of eigenvalues km by using Eqs. (16) and (17), as

referred to in Appendix A. Therefore, it is easy to solve

all eigenvalues from Eq. (20) and the eigenfunctions

associated with the corresponding eigenvalues are also

well defined by Eqs. (21) and (22). These eigenvalues, km,

include the sets of positive and negative, each of which

is required to satisfy the inlet conditions at both end of

the counterflow problem.

It is easy to find the orthogonality conditions as

follows:Z j

0

va 
 R2

L 
 a

� �
Sa;mSa;ngFa;mFa;n dg

þ
Z 1

j

vb 
 R2

L 
 a

� �
Sb;mSb;ngFb;mFb;n dg ¼ 0; ð23Þ

when n 6¼ m. Since

wL ¼
X1
m¼0

Sa;mFa;mðgÞ ¼
X1
m¼0

Sb;mFb;mðgÞ: ð24Þ

From the orthogonality conditions, the general ex-

pressions for the expansion coefficients may be achieved.

Accordingly, we haveZ j

0

wL
va 
R2

L 
 a

� �
Sa;mgFa;mdgþ

Z 1

j
wL

vb 
R2

L 
 a

� �
Sb;mgFb;mdg

¼
Z j

0

va 
R2

L 
 a

� �
S2a;mgF 2

a;mdgþ
Z 1

j

vb 
R2

L 
 a

� �
S2b;mgF 2

b;mdg:

ð25Þ

Using Eqs. (14) and (15), Eq. (25) can be rewritten as

wL
Sa;m
km

jF 0
a;mðjÞ

�
þ Sb;m

km
F 0
b;mð1Þ

�
� jF 0

a;mðjÞ
��

¼ S2a;m jFa;mðjÞ
oF 0

a;mðjÞ
okm

"
� F 0

a;mðjÞ
oFa;mðjÞ
okm

#

� S2b;m jFa;mðjÞ
oF 0

a;mðjÞ
okm

"
� F 0

a;mðjÞ
oFa;mðjÞ
okm

#
: ð26Þ
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Also, the dimensionless outlet temperature at n ¼ 1 may

be calculated as follows:

wL ¼
R j
0
va2pR2gwaðg; 1Þdg

V ðM þ 1Þ

¼ 2paL
V ðM þ 1Þ

X Sa;m
km

Z j

0

F 00
a;mg

��
þ F 0

a;m

�
dg

�

¼ 8

GzðM þ 1Þ
X Sa;m

km

 j 
 F 0

a;mðjÞ

¼ �
R 1

j vb2pR2gwbðg; 1Þdg
V ðM þ 1Þ

¼ � 2paL
V ðM þ 1Þ

X Sb;m
km

Z 1

j
F 00
b;mg

��
þ F 0

b;m

�
dg

�

¼ � 8

GzðM þ 1Þ
X Sb;m

km

 F 0

b;mð1Þ
h

� j 
 F 0
b;mðjÞ

i
: ð27Þ

Accordingly, once all the eigenvalues have been

found, the possible associated expansion coefficients,

Sa;m and Sb;m, can be calculated from Eqs. (18), (19), (26)

and (27) with wL as an intermediate variable during the

calculation procedure. Therefore, the dimensionless out-

let temperature wF which is referred to as the bulk tem-

perature, may be calculated by

wF ¼ �
R 1

j vb2pR2gwbðg; 0Þdg
V ðM þ 1Þ

¼ � 2paL
V ðM þ 1Þ

X e�kmSb;m
km

Z 1

j
F 00
b;mg

��
þ F 0

b;m

�
dg

�

¼ � 8

GzðM þ 1Þ
X e�kmSb;m

km
F 0
b;mð1Þ

h
� j 
 F 0

b;mðjÞ
i
ð28Þ

and may be examined by Eq. (29) which is readily ob-

tained from the following overall energy balance on

outer tube:

hF ¼ 1� wF ¼
Z 1

0

a2pL
V

�
�
owb;mð1; nÞ

og

�
dn

¼ 8km

Gz

X1
m¼0

Sb;mF 0
b;mð1Þ 1

�
� e�km

�
: ð29Þ

In Eq. (29) the left-hand side refers to the net outlet

energy while the right-hand side is the total amount of

heat transfer from outer hot wall to the fluid. After the

coefficients, Sa;m and Sb;m are obtained, the mixed inlet

temperature is calculated as follows:

waðg; 0Þ ¼
� M=ðM þ 1Þð Þ

R 1

j vb2pR2gwbðg; 0Þdg þ V
V ðM þ 1Þ

¼ � M
M þ 1

2paL
V ðM þ 1Þ

X e�kmSb;m
km

�
Z 1

j
F 00
b;mg

��
þ F 0

b;m

�
dg

�
þ 1

M þ 1

¼ 1

M þ 1

�
� 8M
GzðM þ 1Þ

X e�kmSb;m
km

� F 0
b;mð1Þ

h
� j 
 F 0

b;mðjÞ
i
þ 1

�
: ð30Þ

Mathematically, with known Graetz number (Gz)

and reflux ratio (M), as well as the ratio of channel

thickness (j), the eigenvalues (k1; k2; . . . ; km; . . .) can be

calculated from Eq. (20). Fortunately, it is seen from

Eqs. (A.4) and (A.5) in Appendix A that Gz and km

always appear together and one may further define

a modified eigenvalue as k�
m ¼ Gzkm ¼ constant. In this

case k�
m is independent of Gz and one needs not repeat

the computation of km for different Gz.

2.2. Temperature distributions in the single-pass device

For the single-flow device of the same size without

recycle the impermeable sheet in Fig. 1(a) is removed, as

shown in Fig. 1(b) and thus, j ¼ 1. The velocity distri-

bution and equation of energy in dimensionless form

may be written as

v0ðgÞR2

aL
ow0ðg; nÞ

on
¼ 1

g
o

og
g
ow0ðg; nÞ

og

� �� �
; ð31Þ

v0ðgÞ ¼ 2v0 1
�

� g2
�
; 05g51; ð32Þ

g ¼ r
R
; n ¼ z

L
; w0 ¼

T0 � Tw
Ti � Tw

;

h0 ¼ 1� wa ¼
T0 � Ti
Tw � Ti

; GZ ¼ 4V
apL

; v0 ¼
V

pðjRÞ2
:

ð33Þ

The boundary conditions for solving Eq. (31) are

ow0ð0; nÞ
og

¼ 0; ð34Þ

w0ð1; nÞ ¼ 0; ð35Þ

w0ðg0; 0Þ ¼ 1: ð36Þ

The calculation procedure for a single-pass device is

rather simpler than that for a double-pass device. The

dimensionless outlet temperature for single-pass devices

ðh0;F Þ was also obtained in terms of Graetz number

(Gz), eigenvalues (k0;m), expansion coefficients (S0;m) and
eigenfunctions (F0;mðg0Þ). The result is

w0;F ¼ 2paL
V

X S0;m
km

Z 1

0

F 00
0;mg

��
þ F 0

0;m

�
dg

�

¼ 8

Gz

X S0;m
km


 1 
 F 0
0;mð1Þ ð37Þ

and may be examined by Eq. (38), which is readily ob-

tained from the following overall energy balance on the

outer tube:
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h0;F ¼ 1� w0;F ¼
Z 1

0

a2pL
V

�
�
ow0;mð1; nÞ

og

�
dn

¼ 8k0;m
Gz

X1
m¼0

S0;mF 0
0;mð1Þ 1

�
� e�km

�
: ð38Þ

3. Improvement of transfer efficiency

The Nusselt number for a double-pass operation with

recycle may be defined as

Nu ¼ hð2RÞ
k

¼ hD
k

ð39Þ

in which the average heat transfer coefficient is defined

as

q ¼ hð2pRLÞ Twð � TiÞ: ð40Þ

Since

hð2pRLÞ Twð � TiÞ ¼ V qCp TFð � TiÞ ð41Þ

or

h ¼ V qCp TF � Tið Þ
2pRL Tw � Tið Þ ¼

V qCp

2pRL
ð1� wF Þ ð42Þ

thus

Nu ¼ V
2paL

ð1� wF Þ ¼
1

4
Gzð1� wF Þ ¼

1

4
GzhF : ð43Þ

Similarly, for a single-pass operation without recycle

Nu0 ¼
V

2paL
ð1� w0;F Þ ¼

1

4
Gzð1� w0;F Þ ¼

1

4
Gzh0;F :

ð44Þ

The improvement of performance by employing a

double-pass operation with recycle is best illustrated by

calculating the percentage increase in heat transfer rate,

based on the heat transfer of a single-pass operation

with same device dimension and operating conditions,

but without impermeable sheet and recycle, as

Ih ¼
Nu� Nu0

Nu0
¼

w0;F � wF

1� w0;F
¼ hF � h0;F

h0;F
: ð45Þ

4. Increment of power consumption

4.1. Power consumption in the single-pass device

The friction loss in conduits may be estimated by

hfs ¼ 4f 
 L
D

 v2

2gc
ð46Þ

where v and D denote the bulk velocity in the conduit

and the diameters of the conduit, respectively, while f is

the friction factor which is the function of Reynolds

number, Re. The friction loss in the conduit of a single-

pass device is calculated by P0 ¼ V qhfs;0.

4.2. Increment of power consumption in double-pass

devices

For double-pass devices, the average velocity of the

fluid and the diameter of conduit are

v0 ¼
V

pR2
; va ¼

ðM þ 1ÞV
pðjRÞ2

; vb ¼
ðM þ 1ÞV

p R2 � ðjRÞ2
� � ;

ð47Þ

D0 ¼ 2R; Da ¼ 2jR; Db ¼ 2ðR� jRÞ ð48Þ

and than we have, for the laminar flow in tube

f ¼ 16

Re
ð49Þ

and we have

hfs /
v
D2

: ð50Þ

The increment of power consumption, Ip, may be

defined as

Ip ¼
P � P0
P0

¼ V ðM þ 1Þq hfs;a þ hfs;bð Þ � V qhfs;0
V qhfs;0

; ð51Þ

where P ¼ V ðM þ 1Þqðhfs;a þ hfs;bÞ. Substitution of Eqs.

(47) and (48) into Eq. (50) results in Eq. (52) in double-

pass devices

Ip ¼
ðM þ 1Þ2

j4
þ ðM þ 1Þ2

1� j2ð Þð1� jÞ2
� 1: ð52Þ

Some results for Ip of double-pass devices are pre-

sented in Table 1.

5. Results and discussion

The equation of counterflow heat exchangers in

concentric circular tubes with uniform outer wall

Table 1

The increment of power consumption with reflux ratio and the

ratio of channel thickness as parameters

M Ip

j ¼ 0:3 j ¼ 0:5 j ¼ 0:7

0.5 281 47 57

1.0 502 84 103

3.0 2010 340 414

5.0 4524 767 933
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temperature and with external refluxes has been for-

mulated and solved by the use of the orthogonal ex-

pansion technique. Two eigenvalues and their associated

expansion coefficients as well as the dimensionless outlet

temperatures were calculated for j ¼ 0:5, M ¼ 1, and

Gz ¼ 1, 10, 100 and 1000, as shown in Table 2. It was

found in Table 2 that due to the rapid convergence, only

the first negative eigenvalues is necessary to be consid-

ered during the calculation of temperature distributions.

The eigenfunctions are expanded in terms of an ex-

tended power series as well as ln y term in the velocity

distribution is expanded by Taylor series. As an illus-

tration, comparisons were made to such two series with

terms truncated after n ¼ 25 and n ¼ 30 for an extended

power series and N ¼ 2 and N ¼ 3 for Taylor series. The

accuracy of those comparisons was analyzed and some

results were represented in Tables 3 and 4 for an ex-

tended power series and Taylor series, respectively. It is

seen from Tables 3 and 4 that two series agree reason-

ably well with the terms of n ¼ 25 for an extended power

series and N ¼ 2 for Taylor series, and hence those two

series with such selected terms were employed in the

calculation procedure in this study.

The application of recycle to heat transfer devices

results in two conflicting effect: the desirable preheat-

ing effect of the inlet fluid and the undesirable effect of

decreasing residence time. The temperature of reflux

fluid increases with the residence time, which is inversely

Table 2

Eigenvalues and expansion coefficients as well as dimensionless outlet temperatures in double-pass devices with recycle for j ¼ 0:5 and

M ¼ 1. Gzk1 ¼ �35:624 and Gzk2 ¼ �43:387
Gz m km Sa;m Sb;m wF ðk1Þ wF ðk1; k2Þ
1 1 )35.624 )1.01�10�15 0.00 0.3333 0.3333

2 )43.387 4.00�10�14 0.00

10 1 )3.562 )8.58�10�2 4:91� 10�10 0.3398 0.3398

2 )4.339 3.42 0.00

100 1 )0.356 )3.90 2:23� 10�8 0.6253 0.6253

2 )0.434 1.55�102 0.00

1000 1 )0.036 )8.03 4:60� 10�8 0.9346 0.9346

2 )0.043 3.20�102 0.00

Table 3

The convergence of power series in Eqs. (21) and (22) with n ¼ 25 and 30 with j ¼ 0:3 M ¼ 5

Gz n km Sa;m Sb;m wF

1 25 )7.9070 1.70�10�3 )4.58�10�6 0.14359

30 )7.9212 1.52�10�3 7.99�10�5 0.13078

10 25 )0.7907 3.42 )9.22�10�3 0.23471

30 )0.7921 3.14 1.64�10�1 0.21563

100 25 )0.0791 2.04�101 )5.51�10�2 0.68794

30 )0.0792 1.97�101 1.03 0.66386

1000 25 )0.0079 3:04�101 )8.21�10�2 0.95512

30 )0.0079 3.03�101 1.59 0.95016

Table 4

The convergence of Taylor series in Eq. (A.3) with N ¼ 2 and N ¼ 3 ðn ¼ 25Þ with j ¼ 0:7 and M ¼ 5

Gz N km Sa;m Sb;m wF

1 2 )0.6786 1.49�10�1 6:90� 10�6 0.25277

3 )0.6081 )1.53�10�6 1:76� 10�6 0.26782

10 2 )0.0679 7.81�10�1 3:61� 10�5 0.71754

3 )0.0608 )7.28�10�6 8:40� 10�6 0.73855

100 2 )0.0068 1.11 5:13� 10�5 0.96101

3 )0.0061 )1.01�10�5 1:03� 10�5 0.96490

1000 2 )0.0007 1.16 5:35� 10�5 0.99594

3 )0.0007 )1.02�10�5 1:04� 10�5 0.99637
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proportional to the inlet volume rate (or the Graetz

number) and hence the mixed dimensionless inlet tem-

perature increases with the amount of the reflux fluid (or

reflux ratio). Accordingly, it is shown in Figs. 2 and 3

that the dimensionless inlet temperature of fluid after

mixing increases with reflux ratio but decrease and in-

creasing Graetz number and with j going away from

0.5, especially for j > 0:5.
At low Graetz number (either small input volume

flow rate V or large conduit length L) the residence time

is essentially long, the preheating effect by increasing the

reflux ratio cannot compensate for the decrease of resi-

dence time. However, the recycle-effect has positive

influences on heat transfer for the operation of large

Graetz numbers, say Gz > 9 . Comparisons of dimen-

sionless outlet temperatures, hF and h0;F were made and

represented in Figs. 4 and 5. Fig. 4 shows another more

practical form of dimensionless outlet temperature hF

(or h0;F ) vs. Gz with the reflux ratio M as a parameter for

j ¼ 0:5 while Fig. 5 with the ratio of channel thickness

j s a parameter. It was also found in Figs. 4 and 5 that

the dimensionless average outlet temperature decreases

with increasing the Graetz number Gz owing to the short

residence time of fluid, or when the ratio of channel

thickness j goes away from 0.5, especially for j > 0:5,
but increases as the reflux ratio M increases, due to the

preheating effect. The reason why the outlet temperature

decreases of j > 0:5 is much larger than that of j < 0:5
may be considered as that the reduction of heat transfer

in inner channel due to increasing the thickness of inner

channel with reflux ratio M to decrease the flow veloc-

ity can not compensate for the enhancement of heat

transfer in outer channel due to decreasing the thickness

of outer channel to increase the flow velocity. It is seen

from Figs. 4 and 5 that the difference (hF � h0;F ) of outlet
temperatures is of minus sign and decreasing with Gz,

and then turns to plus sign with any values of M for

large Graetz numbers except with j > 0:5.
The Nusselt numbers (Nu and Nu0) and hence the

improvement of transfer efficiencies (Ih) are proportional
to hF (or h0;F ), as shown in Eqs. (43)–(45), so the higher

improvement of performance is really obtained by em-

ploying a double-pass device, instead of using a single-

pass device for large Graetz numbers, if the volumetric

flow rate in all devices are kept same. Fig. 6 shows the

theoretical average Nusselt numbers Nu vs. Gz with the
Fig. 2. Dimensionless average inlet temperatures of fluid after

mixing. Reflux ratio as a parameter; j ¼ 0:5.

Fig. 3. Dimensionless average inlet temperatures of fluid after

mixing. The ratio of channel thickness as a parameter; M ¼ 1

and 5.
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reflux ratio as a parameter for j ¼ 0:5 while Fig. 7 with
reflux ratio and the ratio of the channel thickness j as

parameters. On the other hand, as shown in Fig. 6,

(Nu0 � Nu) increases with Gz for intermediate Gz values

or with decreasing reflux ratio M, but for Gz > 20,

(Nu� Nu0) then increases with Gz and approaches infi-

nite for large Gz values. It is concluded that Nusselt

number increases with M and Graetz number, but de-

creases with the ratio of channel thickness j going away

from 0.5, especially for j > 0:5. Some numerical values
of the improvement in performance Ih were given in

Table 5. The minus signs in Table 5 indicate that when

Gz ¼ 10, no improvement in transfer efficiency can be

achieved as j goes away from 0.5 for M ¼ 3 and j > 0:5
for M ¼ 5, and in this case, the single-pass device is

preferred to be employed rather than using the four-pass

one operating at such conditions. Figs. 6 and 7 dem-

onstrate some results obtained from single-pass and

double-pass devices for comparison. With this compar-

ison, the advantage of the double-pass device with ex-

ternal refluxes is evident, especially for large Graetz

number. It is found from Figs. 6 and 7 and Table 5 that

the improvement of heat transfer efficiency increases

with Graetz number as well as reflux ratio, but decreases

with j going away from 0.5, especially for j > 0:5.
As an illustration, the power consumption of the

single-pass device will be illustrated by the working

dimensions as follows: L ¼ 1:2 m, R ¼ 0:2 m, V ¼ 1�
10�4 m3=s, l ¼ 8:94� 10�4 kg=m s, q ¼ 997:08 kg=m3.

From those numerical values, the friction loss in conduit

of a single-pass device was calculated by the appropriate

equations and the result is

P0 ¼ V qhfs;0 ¼ 1:71� 10�8 W ¼ 2:29� 10�11 hp: ð53Þ

It is seen from Table 1 that the increment of power

consumption does not depend on Graetz number but

increases with the reflux ratio or as j goes away from

0.5, especially for j < 0:5. The increment of power

consumption betweenM ¼ 0:5 andM ¼ 1 is the smallest

value as shown in Table 1 while the increment of outlet

temperature difference at the same interval is high en-

ough compared to other intervals in Fig. 5. According to

head loss increases with respect to reflux ratio, there may

exist a suitable selection of operating reflux ratio. The

best operating reflux ratio, say the interval between

M ¼ 0:5 andM ¼ 1, would be chosen with the increment

of power consumption neglected.

Fig. 4. Dimensionless outlet temperature vs. Gz with reflux

ratio as a parameter; j ¼ 0:5.

Fig. 5. Dimensionless outlet temperature vs. Gz with j as a

parameter; M ¼ 1 and 5.
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6. Conclusion

Heat transfer through double-pass concentric circu-

lar tubes with an impermeable sheet of negligible ther-

mal resistance have been investigated and solved

analytically by the use of the orthogonal expansion

technique with the eigenfunction expanding in terms of

an extended power series. The method for improving the

performance in a concentric circular double-pass heat

exchanger is presented in this study. Application of the

recycle-effect concept in designing a double-pass heat

exchanger is technically and economically feasible.

Moreover, further improvement in transfer efficiency

may be obtained if the channel thickness j is suitably

selected, say j ¼ 0:5. The improvement of performance
is really obtained by employing double-pass devices,

instead of using a single-pass device of same size without

recycle, and the improvement increases with increasing

the Graetz number and reflux ratio.

It is concluded that the recycle effect can enhance

heat transfer for the fluid flowing through a concentric

circular heat exchanger under double-pass operations by

Fig. 6. Average Nusselt number vs. Gz with reflux ratio as a

parameter; j ¼ 0:5.
Fig. 7. Average Nusselt number vs. Gz with j as a parameter;

M ¼ 1 and 5.

Table 5

The improvement of the transfer efficiency with reflux ratio and the ratio of channel thickness as parameters

Ih (%) M ¼ 0 M ¼ 1 M ¼ 3 M ¼ 5

j j j j

0.3 0.5 0.7 0.3 0.5 0.7 0.3 0.5 0.7 0.3 0.5 0.7

Gz ¼ 1 )50.1 )50.0 )50.4 )33.4 33.33 )36.51 )20.1 )20.0 )25.27 )14.4 )14.30 )50.29
10 )35.4 )35.0 )67.4 )16.3 )14.07 )64.96 )4.44 0.06 )63.24 0.41 4.97 )67.38
100 100.7 148 )71.8 117.3 175.4 )71.53 126.3 190.2 )71.34 129.3 195.3 )71.81
1000 203.3 343 )72.1 206.8 350.5 )72.09 208.5 355.5 )72.08 209.1 355.5 )72.13

C.-D. Ho et al. / International Journal of Heat and Mass Transfer 45 (2002) 3559–3569 3567



inserting an impermeable sheet with negligible thermal

resistance. The introduction of reflux has position effects

on the heat transfer for large Graetz number and the

outlet temperature as well as transfer coefficient in-

creases with increasing reflux ratio. The reason why the

improvement decreases with the ratio of channel thick-

ness j deviating from 0.5, especially for j > 0:5 may be
considered as that the enhancement of heat transfer in

outer channel due to decreasing the thickness of the

outer channel to increase the flow velocity cannot

compensate for the decrease of heat transfer in the inner

channel with reflux ratio M due to driving force in the

outer channel is larger than that in the inner channel,

leading to reduced performance.

It is apparent that the mathematical treatments de-

veloped in this study with concentric circular tubes are

only conducted in a heat transfer sense with constant

wall temperature, the present theory and method may

also be applied to other conjugated Graetz problems in

heat- or mass transfer devices with constant heat flux or

mass flux on the boundary.
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Appendix A

Eqs. (14) and (15) can be rewritten as

F 00
a;mðgÞ þ

F 0
a;mðgÞ
g

� ðM þ 1ÞGzkm

2j2
1

�
� g

j

� �2
�
Fa;mðgÞ ¼ 0;

ðA:1Þ

F 00
b;mðgÞ þ

F 0
b;mðgÞ
g

þ ðM þ 1ÞGzkm

2W1ð1� j2Þ
� 1
�

� g2 þ W2 
 ln g
�
Fb;mðgÞ ¼ 0 ðA:2Þ

in which

W1 ¼
1� j4

1� j2

�
� 1� j2

lnð1=jÞ

�
; W2 ¼

1� j2

lnð1=jÞ

� �

and the term ln g in velocity distributions can be ex-

pressed in terms of Taylor series as follows:

ln g ¼ ðg � 1Þ � ðg � 1Þ2

2
þ ðg � 1Þ3

3
þ 
 
 
 þ ðg � 1ÞN

N
:

ðA:3Þ

Combining Eqs. (A.1)–(A.3), (16), (17), (21), and

(22) with two-term Taylor series yields

dm0 ¼ 1; dm1 ¼ 0; dm2 ¼
ðM þ 1ÞGz

8j2
km;

dm3 ¼ 0; . . . ; dmn ¼
ðM þ 1ÞGz

2j2½nðn� 1Þ þ n�km dmn�2

�
� dmn�4

j2

�
;

ðA:4Þ

em0 ¼ 1; em1 ¼ 0; em2 ¼�1

8

ðM þ 1ÞGzkm

W1 1� j2ð Þ 1

�
� 3W2

2

�
;

em3 ¼�1

9

ðM þ 1ÞGz
W1 1� j2ð ÞkmW2; . . . ;

emn ¼� ðM þ 1ÞGz 
 km

2W1ð1� j2Þ½n n� 1ð Þ þ n� 1�

� 1

��
� 3W2

2

�
emn�2 þ 2W2emn�3 � 1

�
þW2

2

�
emn�4

�
:

ðA:5Þ
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